We show that any solution of the 4D Einstein equations of general relativity in vacuum with a cosmological constant may be embedded in a solution of the 5D Ricci-flat equations with an effective 4D cosmological "constant" Λ that is a specific function of the extra coordinate.
Introduction
The embedding of Einstein's four-dimensional equations of general relativity in a higherdimensional space provides a promising route to the unification of gravity with the interactions of particle physics. Five dimensions is of particular interest, since it represents the simplest extension of spacetime and is widely regarded as the low-energy limit of even higher-dimensional theories with relevance to particles, such as 10D supersymmetry, 11D supergravity and higher-D versions of string theory. In the present account, we present a 4D/5D embedding theorem with wide implications for the cosmological "constant" problem, the Weak Equivalence Principle and the evolution of the universe.
Embedding theorems are currently of interest because they constrain the ways in which classical general relativity can be welded to higher-D manifolds which may embody the internal symmetry groups characteristic of particles. For example, Campbell's theorem as recently resurrected by Tavakol and coworkers, provides a kind of ladder to go between manifolds whose dimensionality differs by one [1] [2] [3] [4] [5] . At the low end of this ladder, it implies that the 4D Einstein equations may be embedded in the 5D Ricci-flat equations (i.e., those where the Ricci tensor, rather than the Riemann-Christoffel curvature tensor, is set to zero). This provides an algebraic basis to physical accounts, such as membrane theory and induced-matter theory [6, 7] , which are now known to be mathematically equivalent [8, 9] . However, the calculation of physical effects in such theories still requires the specification of a 5D line element, whose metric coefficients represent the potentials, as in the warp metric or the canonical metric [10] . Below, we will use the latter, since it simplifies the algebra. It should be noted, in this regard, that several studies have been made of the generality of this 5D metric [11] [12] [13] [14] . It is analogous to the synchronous metric used in standard 4D cosmology [15] [16] [17] . Below we will study its most general form. We will thereby include results found recently on the embedding of 4D conformally-flat cosmologies of the de Sitter type which are relevant to the early inflationary period of the universe [14] . Our work will also include an exact 5D solution found recently which embeds the 4D Schwarzschild -de Sitter solution and is relevant to the solar system [5] . Further, we will obtain exact results on the value of the cosmological "constant" which is derived when a 5D metric is reduced to a 4D one [18] [19] [20] . This provides extra insight to the mismatch of this parameter as calculated in macroscopic and microscopic situations [21] [22] [23] [24] [25] [26] [27] [28] , which may be related to the different 4D physics that follows from different choices of 5D gauge [29] . Our results will also confirm the inference that the Weak Equivalence Principle, which ensures the equality of accelerations in a gravitational field for objects of all types, can be viewed as the 4D dynamical consequence of a 5D geometric symmetry [30; see also 11, 31, 32 for an extra force which can arise from the fifth dimension; and 12, 33 for the motion of massive particles along timelike paths in 4D which can be null paths in 5D]. In summary, we will recapture a large number of recent results from our theorem, while opening up new routes of investigation.
Our embedding theorem, which is in essence a special case of that of Campbell but focussed on physical effects, is proved algebraically in Section 2. Its consequences -such as exact 5D solutions -may be verified numerically using a fast computer package, for example GRTen-sor. Those readers who are more interested in physics than mathematics may like to proceed to Section 3, where we review our results and discuss their implications for new physics. These include changes in the cosmological "constant" and violations of the Weak Equivalence Principle, which may be tested using galaxies and artificial satellites [34, 35] . In these and other ways, we can test if the world has more than four dimensions. 
defining a Ricci-flat space. These equations are often used to provide a unified description of the gravitational, electromagnetic and scalar interactions in a classical sense. Alternatively, they describe the interactions associated with a spin-2 graviton, a spin-1 photon and a spin-0 scaleron.
It is already known that equations (2) 
Here L is a constant length introduced for the consistency of physical dimensions and whose meaning will become clear below. Then we obtain
This is the canonical form, which aids understanding in a physical sense but is still general in a mathematical sense.
The field equations (2) for metric (3) involve components of the 5D Ricci tensor which are relatively simple in form. They are:
where S µν is a symmetric tensor given by ( )
Here ( ) 4 R µν and µ νρ Γ are, respectively, the 4D Ricci tensor and the connection coefficients constructed from g αβ . Moreover
where A g A This problem has been considered by various workers in the past under different motivations. Our motive is the embedding of 4D in 5D, so we now split the general metric tensor in (3) into two parts via
. In solving 0 AB R = subject to this split, it is convenient to tackle equations (4) by turn. The working is tedious, so we only note the main points in the following three paragraphs.
In (4a), we have * / 2 A g
The noted equation set to zero then
where ( )
is an arbitrary length which we will find in the next paragraph is constant, while
is another arbitrary function of integration.
In (4b), we have The other term is ( ) ( )
We rewrite this using ( ) ( ) . The resulting form may be simplified using ( ) ( )
. The result is 
in terms of the length in (7) above.
In (4c), we can evaluate S µν using (5) and previous relations. The vanishing of the spacetime components of the 5D Ricci tensor is then equivalent to saying that the 4D Ricci tensor is
Since an Einstein space as usually defined has in place of the one used above. Now from (9) we find that
Under a constant conformal transformation of the spacetime metric, 
The 4D spacetime metric 2 0
(1 / ) ( ) g l l g x γ µν µν = − has an effective cosmological "constant"
given by
This 5D quantity goes back to the 4D one when 0 0 l = ; but in general we have an embedding of 4D in 5D with a cosmological "constant" which depends on the value of the fifth coordinate.
Discussion
In the preceding section, we proved the To completely study these situations would take us far beyond the purview of the present work, because each involves a different solution of the Einstein equations. This is particularly true of the dynamics involved, which differs greatly from case to case. By contrast, the implications for the cosmological "constant" are generic. We therefore propose to give a summary of the dynamical effects of our embedding, drawing on results in the literature [11] [12] [13] [14] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , and follow it by a discussion of the possible behaviours for Λ . These two topics involve respectively the 5D line element (10) which contains a 4D Einstein one, and the corresponding cosmo- Dynamics is altered, notably by the appearance of a fifth force which acts in spacetime. This is a general consequence of any 5D metric whose 4D part depends on the extra coordinate (the pure-canonical form with a factor 2 2 / l L in front of a 4D part that is independent of l is an exception). The existence of this force has been demonstrated in both induced-matter theory and membrane theory, the two currently popular versions of 5D relativity [31, 32] . It is not difficult to see why such a force arises, assuming that the dynamics is derived as usual by finding the ex- x l = which is the basis for saying that the Weak Equivalence Principle can be viewed as a symmetry of the 5D metric [30] . This is bolstered by the fact that the second term in the fifth force ( ) / dl ds is not in general zero [39] . The fact that this extra force depends on the velocity in the extra dimension shows that its origin is inertial in the Einstein sense (it depends on the velocity of 4D spacetime with respect to the 5D frame). For metrics which engender a fifth force, however small, we expect violations of the Weak Equivalence Principle. For metrics of the type we are discussing (with 0 0 l ≠ ), this extra force has been shown [14] to be
The explicit form of this in a given situation depends on ( )
The first of these functions has been discussed elsewhere [14] . The second has also been discussed in special cases [6] ; but the determination of ( ) x s µ can be much simplified in the present case, be- 
Using this with (12), there comes
Moreover, the Christoffel symbols 
Adding this to (14) shows that the 4D part of the equation of motion is equivalent to a geodesic worldline in the spacetime with g µν . Moreover, given ( ) l l s = [14] , we can use equation ( (12) is small in most situations. Nevertheless, it could in principle be detected, for example by the anomalous motions of galaxies [34] , or by violations of the Weak Equivalence Principle in a proposed new test of this using artificial satellites [35] .
The cosmological "constant" associated with a 5D embedding has properties which can differ greatly from the 4D situation. The latter is recovered for 0 l l in (11), in which case the 5D metric (10) takes the pure-canonical form. Then, we could not tell from studies of the cosmological constant or dynamics if we were living in a 4D world or a 5D world (see above).
However, there is no a priori reason for assuming anything about the relative sizes of the constants L, 0 l and the coordinate ( )
One consequence of this is that Λ can diverge for 0 l l → , resulting in a self-consistent model of the inflationary universe in which Λ is unbounded at the big bang and decays to its presently-observed value over cosmological time [14] . There are also possible applications of (10) and (11) to the cosmological-"constant" problem, insofar as there is no unique value of Λ . Rather, we have
l l then the 5D metric (10) contains a 4D part which is a factor multiplied onto ordinary spacetime, and the cosmological constant (11) becomes ( )( )
3 / / L l l . That is, the "standard" value is modulated by a factor that depends on the fifth dimension. (In this regard, it should be mentioned in passing that the "standard" value of the cosmological constant in 5D theory is re- 
This is a combination of "ordinary" matter and scalar-field matter, where the energy density of the latter implicitly determines a "local" value of the cosmological "constant" that depends on the fifth dimension.
Even for the modest embedding which we have discussed it is clear that the fifth dimension can affect local 4D physics. By (10) and (11) 
